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VCynp L-p punpliefdynicn b pulp K- fpund” ppadui [diflpp R puin
L et by pdiyglpu (iflph C spupinp: Cwpungpfog ymfdp b
wipnncipubpp Spfindpiund” Godjiulfunad” B R b C qupukpp (L
pugluipunylby  funlinpulin qupmf)  gbwpoud] nonf o dEup
o muynpdtiup qupnft K wpuitnulpnidps, Swdlylymf dfmivgundfiy R 1 C
pupinbipf ipbwplpp: Ropnp win g bwpbpood; bpp wpgyniupubpp unppbp
Ein Rofo b Cofp Gounlivs Connencly upkinp, [Pk np gt o ljunnfe acikip:
Clprmiofusd b wuby, np L pugdi @uiv o awldidufud
g rlivpulisits qapdngnudini, Lk gondind o wjiagpup Lx L — L
wipmupunnlpbpnd; op pusfwpuopnad” b Clanlyuy wpeygdiitiulpfin (L X L-fi
(a,b)  wmpplin Lunlivwyunnwfunivng L-fp avppp tppitndpfwd E
a + b-my).
e (a+b)+c=a+(b+c)
ea+b=>b+a

° L—nLqu_lynqulnL(ll nL(llfl ljl‘l i, g Z&Lu(luul[L[nLLr[: O—HL[, ny
JnL[uu_Elu(llZ[an a €L ZLULrLup a+0=0+a=a
e YaelLidbe L, a+b=b+a=0

\l,wll_ winncd” B, np L—fl L[[nu uw[t/iu‘lu[w& F K l]_w&mfl lgL[lran[

prgiugunnlpli  gopdmgodfdndu,  EIE qopmfdm aluf dbl gy
Lu[unluulluml[[rpnur KxL — L (K X L—/1 (l,a) i fit
[uurluu[wuuuufuufllnll LIy ‘u&ufl’wl[t[wc} E /la-m[), npn Fuu[lu[nupnurb

AMua) = (Au)a
la =a

upuaspiliaititbpafits:



“mﬂlrm‘hnu',- L Flutllj;IL@"L(llE l[n &L[nur E q_&uy/fll

vmpundncfdyni K qugpmfy ulpamdiodf, EIE upu o awlidiiudud
lT(ll Ll_nLLrLuFLrlu(ll lL lgl.[nl[ Fm[Llrulu_lluml[L”,u(ll LI_HIT&"IL"L/;(}I"L([I([I[T[T, npn(ll‘g

AMa+b) = Aa+ Ab
(A+wa = Aa+ ua

upuasyuliaitiv bpafits:

VYyoepfiv b uinngly, npOa = 0, A0 = 0 L (-1)a = —a:
Pulpuny b
a+0a=1a+0a = (1+0)a=1a=a,
-

Oa=0,2a+A0=Aa+0) =Aa = A0 =0,

a+(-Da=1la+(-1)a={0+(-1)a=0a=0= (-1)a = —a:
\ljllllL, 17/3[7 Aa = O, iy A=0 l,uul'a = 0. h["’ﬂ) 17/3[7/1 * O, iy
0=A1"1%a) = A "A)a = la = a:

Umkdisitunsl” L g Suyfi  wpudndfduin. M Eufdwpugdio [dyniup
hasfoi” b g duyfin Eufdunnmupndncfdiniu (hunl upupguinyb
Eu[dunnupudnddyncy), ik

1.a.beM = a+beM (uwufiupy M-puuly b gncdivpdi
Wlpsnlivdf:)

2. A€ K aeM= Aa e M (uﬂu/fll_g(ll M—E L["Lul[ E lgL[nL[
progdivunlpdit Blyasndiodf)



U/u Eplhne  wppdivinkpp lpoupky e F l["nfutup/flllrL JEl  Cundiupdbp
ll[llylrlll‘llﬂll

AueKabeM= la+ubeM

Opfivljulp

]‘ K[X]—E\ gy Flutllrlu(llll_lulﬁlbp/'l FLULLLI;1L@HL(llE, npn‘llg
q_np&wllﬁg(lllrpﬂ K ll_lullllflg Eu q_&uy/fu mwpw&nL@nL(ll b K—/1
(lll[wuurludﬁ:

2. K[x]-p prynp n-py ng pupdp lpupgp puogdidsganfilpp
lr‘ll/gluunu[nu&nl_@nl_(ll Eu l[LULLL/;quK[X]—nLL/?

3. Lwpldnfdpuiv fblpnnpulpp g uyfin  wmupudofdniu Eu
lppediocd” fpeslyuin Jdflph qupifp wlpndivdp, - oy opleb
o Elpnnpfin lyryfivkusp ofElpnngiukpf pusgdin [dyniup
lr(lllgwmwpw&nl_@nfu F l[wq_L/;n_Lruyq_ uuu[uu&nl_ﬁ]w(u 11172:

4. (n X m)-suspuivh ppudyuits impplpm] dimnppgulpp agdiod
s 1y Suyfis snuspasonfymits fwslyais. [fbips s sl
pulp  dfbplin Envivlpmndl dimoppegubpp Geopdiaol Ey
EisfTrusumeopro o[y

5. (0,1) dppuduypnud” npnpfud  wivging Cunn - poculyghuinkph
prsqdin dyniup g Suyfin wmupudnddyniu U ppulpuit [hifbph quigpuf
Ulpnenlindfs, froly Uit Conmfudmd” wduigbyl $rculygfuiubpp

6. Luyuin  $uculgpuinkpph  Plgughfivh  pugdidug ik
l[LULI_LI;1LLr Eu q_&uyﬁ(ll unu[nu&nL@nL(u F2 - {0, 1} l?pllnL
bbadbmnuiung  wpupy  qugef Ulpeediodp, ol g Suyfiu
Priulygpuinbpp Qugdiod B EufdunmuopuSnddyncu:

7. n-puspinfs [Fifuyfiv flilpnnpubpp g éuyfin wwpdndfdyniup K
qupf  lpndiodf swlidfood” F Chulguy k.
Va(K) = {(al,ag,...,an) | a;i € K, i = 1,...,n}, fuly  pynp
JElpngubpp,  ping Cadivg 0y =0 Qugdind” By



b(lllglllmlll[‘lll_la—ﬂL@ﬂL(ll:



$Suyfits ity [yt

L qduyfin wupudmfduin a\,a2,...,an wwppkpp (EkdEusiukpf)
g Suyfin fpdpfivugfun b fngfod” Shanlyuy  wpuowayumonddndg
AMar +Axaz +.. AAmGm, npnud” Ay, A gopSwlfigubpp Ko g
lundivyuidyuits wnsppbp Eu:

Vusdelisinmasl” L g Suyfits umupudndfdyuits ay,az,. .., 0 wwppkpp (Gund”
mwppkph  Cunlivlpupyp)  nsfnod” Eu g dopkt witdpfu, B
Aiay + Aran +.. .+ Anam = 0 wgupliitifiy Chinlinod” E np
Ar=...= 1, =0:

Wyulivpt qnpby wivlpufpu wmoppbpl g duyfiv hodpfingfuin lpapog E
qprywlpaits yfinky dbugfi e dbgj win qbwpood; Epp pognp qopduwlififubpp
qpyrilpuite Eu:

Uwifbpd pumplis|dyncup lyfivp g dnpbu wivlpfu, Efdk upu fudingudpi
flpPusfnp Eufdupwgdin dgniup q dnpli uitdpusf £

L gduyfiv wmupmdndfdyuin ay,az,....am wwppkpp (lund” unoppbpf
Cunlivlpupy ) yfiuky g dopku  lpufyuy,  EIE i
Atseisdm € Ky s ppnpp - Cafunmnp O, wjuugfafi,  np
Aiay + Araz +...+Apman, = 0:

Lhunnkup, np  Apudigpwluin Saonivlpopy,  np o spepodnolpod” E
qrrywluits wppp g dnpbu lpopyay B UEy g qpopuoluin awspphy
punglpugimd  Cundivlpupgp g dopby witlpefu b Péapku witljusfu
Sundivlpupy i I ng ddfs unpp sp wpmlagpmfnad” Sondivlpupg i dinugud
wnpplpf e s dfy g Suyfin lmdpfiuwg fugym:



Opfivnlfuly
1. Va(K) vmupudncfdyuin B9 punpBup  Lhinlyguy  [difuyfin
JEpinnpubph Sundivlpupg p.
£(1,0.0,...,0),(0,1,0,...,0).(0,0,1,0,...,0),....(0.....0, 1)}
N ~ J N v J N v J \ J

n n n n

wu [Lutrwl[wpq_g q_&npli(ll lu(lll[lu/ll E:

2. 1,)C,)C2,X3, R ol prlLrufln]_wLﬁllrpﬁ [uurlul[lupq_ﬂ q_&nplfll

witilyusfur b

3. 1,)C,)C2,)C3, R AL, FLuLlLrLu(qu_LULﬁllrpﬁ Lu‘lu[l?pz [LULrLul[Lupq_E

g dnpku witlpufu E:
4. (1,1,1),(1,2,3),(2,3,4) [Lutrlul[wpq_[l g dnpku l[Lqu!]LuL E
puitifi np
(2,3.4) = (1,1,1) + (1,2,3):



b Suuyfits [Fuusnpuits|d

“m:lrm‘l"ulI: L q.&uy/fll uuu[uuc}nqu/Lu(ll M b(lllglupllllllth@w(lI

qduyfin [dunguinfd & hasfoud” M-fp wwppbphy  lpagpdifnd pogng

9‘&11(1/[1(11 lguuluflllgﬂ ljuyuitnuly Eup [blﬂll(_IIUL Ly M*: Ul[(ll[uym E np
M*'L’ ch}uy[fll b‘ll/ﬂwmwpwc}nL@l/nfu FL-nul

hynp i k L i Suyyfis v S [Jyuits
Evfdunmupmdndfdynitivkpf  lpdivpudpuits (fbpunfnp fund”  oitaflpg)
prsgdin|dm: Vymplin b vonogky, ap ouyg Enfdummpndoddyndiukpf
Cunnodpy (npp qpunnwply 3k puivfe op wpopniialppol” Eogpoguljeiu
urssppys) rpfry g uyfi Eufdunmpndofdycu b L-nd?

LM)-m|  wpuivllpy L gdugfy  mmpwdmfduiy M
Eufdwpwpdiddyniop wpupninwlyog pognp Eufdunmupudnddynidiukph
gl fdncuy: Luivf ap M S M*, wgue M* € LM) b el

H < M*:
HeL(M)

U-:/nl_u l[nllllhq, [7[(7[7 H € L(M), i M* C H, _Bw(llﬁ nn MCHIL
H—E u[wpnl_(luul[nurb /1[1 uuupplrpﬁ prynq q_&uylfu l[nL/ﬁ/fluuglnu‘lllTpE:

élnnlepwp, M* C n H, I nepbafin M* = n H:
HeL(M) HeL(M)

Wyuypun] mmguinp, np pungdicfduiv g duyfiv [duguinfdp qo uyn
pragdngfdyndin hn B upipnitnulpng widEuunfinpp 4&111[[1‘11
EvufdunnmupuSncjdyniin £



Ruusgfrus

“mﬂlrm‘hnul: L 4&11(1//1‘[1 uuu[uuc}nL@w‘ll B b(l.llglupllllllj;lL@nL(llLl
l[n&L[nurb uuu[uu&nl_@w‘ll [Zuulflu, E[dE
1. B-u q_&nplr(ll lll(lll[llll'll E
2. B* =1L

Guwmnnpby pughof mwppbph g 8uyfin hdpfuivgbuynd lpopkh ©
wipmlwynky Lefo fpndiypulpuit wpp, b g Sospunfnp sk winly B-fi
huunlisguslyuit wlspuslyuits Enfduspusgilin (@i dfgngif: Pusgfufs A
whplpyugnodp dfeolfy B CShgogp Eplpoe g duyfin Gdpfiiag
ukplpuyunfuncd” B dpliuncfy woppp: Y bplpne ubplpogugnefidpool
divivuslygned” Eu fbpunfop puitnalpnddyundp iwppkp - B-fig,  npriug
ffpuitniup {ay,a,...,ax>-mf: (ewfe wyy bploe Ghplpugugndidgy

lllupﬂll lr(ll_[g q_plrL n[nq[ru {al, az,..., ak} szllﬂu@w(u uuuppl?pﬁ q_&uyﬁ(ll
l[nlliz/fluuglnu‘llbp I, anlTLﬁl, llal +... +lkak = uiay +...+UrAag:
élnnleplup,

(/11 —,u1)a1 +...+(lk —,uk)ak =0
I ai,as,... ,Clk—/1 Lu(lll[Lu/unL/é'/nL(llﬁg pfunur[:, i
(A=) =A2—p2) =..= (A —px) =0

A= p1,Ar = po, . A = ks

(Lenptal .

L[lrpguulnp puulﬁu, Ly prng [_'Lulll'lu(lll?pﬂ L[bpgull[ﬂﬂ Eu
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Ik niubu ll}llL(llﬂy(ll [Llnan/qInL(uE:

Uewyrugnyy. Shygnp A = {ai,...,an v L umupudncdyuiv ffbpPunfnp
pusgfuit b b B bl wyy posgfu b ) Epgubup dEly mopp B pugfufyg I
puitnulbup wit by-mf: Ruivf np A<y pughu b wope bi-p lpupkyh E
kplpayusguby wyy pusgfufs dpPngnd”

b, = Aay + ALrap +...+Aqa, (1)
gt nprud winuitg g Cuiipnddpniup npajulyne lpppng Eup Cundivply, np
At # 0 (poynp Aubpp sEu lpupog dipedundiiumly O fiukp): Yunkafiy
wnnsftned Egp
a; = ),Ilbl — /lfllgag —...—),Illnan (2)

Qundivpfbup uydd] np {b1,as,....an} Cunlivlpupgp ungfinglu pusgfu
L ppnp, ai,....ap-fp Qpoedivpalein g duyfiv odpfinwgpoyool” ay-p
bnfupfivtup  (2)-mf b hunisiyp 1o, du-p g Suyfi

l[nllﬁ/fluuglnu: lﬂ/ulfll_[fll, A* = {bl, az,..., Cln} *: Uanq_b(ll_B
{bl, az,..., (ln}—ﬁ q_&n[llfu uflll[lu[unl_@nlfuﬂ.
by + woas +...+upa, =0 =

Cunbivdufis (1)~
wi(Arar + Araz +...+Anan) + poas +...+upa, = 0 =

,ulllal + (‘LLM,Q + uz)az +...+(,u1),n + un)an = 0:

\Rl_l_l(llfl np Al,...,Adp-p1 LI_A‘HFIT([I lll(lll[lll/'ll E iy ﬂ])«l = 0,
piAi+pi =0, i=23,...,n: Ruyyg A1 # 0 meplaafis iy =0 L p; = 0,
i=2,3,...,n, uyuﬁ(u‘p(u popnp Wi-pp [wt[wuwp Er O—/1 I {b1,a2, e ,an}-‘u
g Snpkits witidjufu E:

Wuegfunf, dBup lpupoquguivg Di-mf shofuupfivky ai-pg dlyp L
wmwguitp s unp pogfe: Sngy wminp (I fugalbe Qapkl Eoagy
u[pnglruE &IJJFHL(UUJII[TLI
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‘]\flgngg lupl]_[T(ll LI]1_BLu(llﬁ bi—(llbp lr(ll_g HIITILIUI]_[I[TL ai-p/, '['In[uwpb(h I

uuuuglrL lr(ll_[g (llﬂ[1 Flllllflll\
{bla"',bkaak-i-l’"-’an} (3)
npln[rllk <n:

\IJ&IT([I‘E, ny B-u sh l[l.l_lpnll l_l[1u,l<lll1L[ uu[wru[lrL, puiift np iy pbwypnod’
B = {bl, - ,bk} Ik ara -1 s u[wm[[w‘llnurB*—lfll ( i SEnlenod’ F (3)—f1

q_&uyﬁ(b Lu(lll[w/unL@nL(llﬁg), nepbadfin B-u plullflu sE ﬂLumﬁ B-u sh
uu[wn_l_[lil_:

Abpgubup dbly ‘unp wnupp B-fig, np (3)-hy sk b wpuitnulibup  wju
bk+1—nl[: q]l_l_lpll L ny bk+1'E Lupuuuiuym:.[nurb (3)—/1 L/]12n5n1[.

bir1 = P1b1 +...+Bibk + Vis1akt1 + Vis2Gks2 +. .. FY nan (4)

utfllluym E ny j/i—ﬁg llln_(lll_[llllill lll?l[[l gpn &L—: 4lul[llll1_lull q_[rulpnur
B-fp wmmppbpp lyfiults qdopky lupuyuy: QGupng K Ganliuply, np
Yi+1 F 0: wJLruunu(u"LLrb(l{B

a1 = =Y B1br — =y Bibi + Y brt — Vi Y2k ==Y Ynan ()

Uu[lugnl_glfu_g, ny {bl, cee bk, bk+1 s k42 e o ,Cln}—E pwiﬁu E (5)—/15
ChunlinulE, np

{b17'°°7bk7bk+1’ak+2a°"7an}* = {bla--'7bk7ak+la"°9al’l}*:

bat:

Abi +.. AAbi 4+ Ak 1 D1 + PG +. . Fppa, = 0,
wisyus, oumiflymf (4)-py, wnuiinul Eup
(A1 + A1 B1)br +. .+ (A + A1 Bi)br + A1 Y kr1@irr +
(Hkr2 + A1 Y e2)ars2 +. ..+ (pn + A1y n)an = 0:

Ar1Vir1 =0,  Ai+A1Bi=0,  w+Aay; =0, i=12,...,k
Jj = k+2,k+3,...,n: P.uyg Yir1 F+ 0, neunfi Aie1 =0 L A; =0, Ui = 0,
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I = 1,2,...,k, _] = k+2,k+ 3,...,n, ll(llll/l(ll‘B(ll

{b13'-°3bk9bk+17ak+27-'-7an}

[LULrlul[Lu[upE 46‘"[1[7(11 lll‘lll[llll‘l.l E

Cupniuudibyny] wypngbop, A-fi pagnp unopplbpp Ippofuwpfiukup B-f
wnpplpm] b fppiuniup onopadm i wnp pugpe {b1,. .., by Gk
B+ <{by,....bn}, wwyu B-nud” wyy wmuppbp by it b poghof
Cannly[dyictiubpfy Chnload b np uyy wnoppbpp sEy wipenwCugmdnod”
qSapki b1, ..., by-mf, fusu wivCmpfiu b (\epladis B = {b1,...,by}, B
JlepSuusnfps 1 1o 1Bl = |Al: @elorsprbafis snguassgrnegafonsd 1

Quiply £ ipky, np [Fhnpbdpy Sfipn b by witaflip pusgfuf qlaypocd;
fLannL@nL(llE:

“mﬂlrm‘hnul: L L;&uy/fll uuu[uu(}nL@Lu(ll LLU’-["E 1 ‘llﬂlll [lelllflllfl

uuupplrpﬁ [Llnan/(?Inﬁfll E Qlul['l[l (llluflllul[l.[nLlr F [l?lﬂll:IU_IL l/lrpu_[\
dlm(L): b/gb dll’n(L)—E l[lTFXLUL[nF 5 wiupn uuupul&nl_ﬁjnl_(llg l[nzL[nLLrb

o/ Puifnp &Lul[" wilifr:

We wpuwlhy [ by dEup lygpunwplbup  diwsfi fkpufop sunfudufs

q_&ll(llfl(ll MIU[IIUA'HL@HL([I([I[T[IE:

(Lnnpibal ™).

b/(—ﬂr M- i L Lp&uyﬁ(ll uuu[uu&nL@w(ll
lr(ll/gwuuu[uu&nL@nL(lfu E Ly

1. M-p lpuodigplquitn: poagpuo lpeplyfe E puggosjuly
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dlivgl L-fy prugfin b dim(M) < dim(L)
2. dim(M) = dim(L) < M =L
UILILUHHHH. q\ﬁgngg {Cll, “e ,(lm} L M lr(llﬁwuuu[uu&nLﬁzlw(ll FLul.lﬁu(ll

E: b/glr M = L, iy {al,. . .,Clm}—E yImn L—/1 Flutlflu(ll E: blglr M c L,
iy l[q_m(lu[fl LIIT[[ i, g Z/’ quml[w(unLLrM—/fu:\l,&w(uwl[b(u‘g Ly
g Clm+1—nL[ * Am+1 € I\M: q]w[ul l,—, n {al,...,am,am+1}
[uurlul[wpq_ﬂ gonpbky wnlpufu E I upw q_c}uy[fll lguuluflllgﬂ m+ 1
&llll["l_u(llfl lr‘ll/gwmwpw&nl_@nlfu E np/1 11172 u[wpnl_(luul/L[nLLr E M—E:
“Louitmlbp wiy My -mf: Gfdk My C L, wnsps g bguitdpo g i
aAm+2 € L\MllL l[l[lun_nLHlT(l.ng M2 = {Cll,. .. ,am,am+1,am+2}*: q]w[ul L—, ny
McM cM, L dlm(M) < dlm(Ml) < dll’l’l(Mz)' \Rufllﬁ npn L—E
L[bpgwllnp &l_l_lll"lu(lll'l E Ly u[pnglruE l.[lTFXIJJL[nF‘Blu(llull[ﬂqulluljk‘Ellyprl'lH
Chinn l[[w(llq_lry(uﬁ L—fl(ll, uyu/fll_g(ll ljunnuiiuiup

Mc M, cM, c...c My=Aai,...,am,Qm+1,0ms2, - - - Amiky* = L
Ie{ai,....0mmi1,Ami2, . . s Quik - L-fr pusgfuit E:
2 bunleuinp.

UI_IZT(lI I_Iil q_é'llllfl(ll UTLUFLUA'HL@HL([I ﬂL(llfl Flllllflll:
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‘]\ﬁgngg {61, ceey en}-E L 4&11(1//1‘[1 uuu[uu&nL@w‘ll (K lpw&mﬁ
Whunmdidp) pugfuin b Guoligpulein X € L ubpluyugifncd” E pugfuf
L/]12ngnl.[ X = 2,161 +...+ln€n: L&Lu‘luu[[b(lqg A = (ﬂyl,...,ﬂyn) I

€1

€n

flrmlyluL&anL[\ x = A&

A = (A] seees A,n) l[l?l[mﬂp[l l[w(lu[w(lllr(ll‘g xelL mluppﬁ
l[nnpq_/fluumuy/fll L[l?l[mnp E plutlﬁunu/?

el di
Vgmp c=| | wbD=| | Lf byl pugpuinky Eo:
en dy
Bmpmpuigmp  div wup ubplegagel” £ pugfuml
d; = aney +...+inen, 1= 1,...,n:  Uwnwgfoud” F Chnlyuy

n X I’l—&wl[’w‘uﬁ Lﬁumpﬁgﬂ\

ailr ... QAin

anl cee ann

npp hpitnfuivkup pugpufyy pogfo witigdiodl divophy, peisf np D = T€:

‘}\ﬁgngg Q—<ll D—flg 5—/1‘[1 lll<llglrlll<ll Lﬁumpflgﬁl E u(l/u/fll_[g(ll\ E :QD/: q]lllpll
L onp € =0T¢ I E¢ =QTE, npunkbg E-u dfwnfnp divnpfigu £ (Lu(lllunl_(luuq_&ﬁ
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wnpplpp Sunfunnop B 1-f, foly dinogudp gpopuleiy £): Yool
Euyp (E—QT)e=0 L, puifi np &-p wnupplpp qdnplki vitdpufu Eu
E-QT =0: buluuyl, wpupivwhlbyp  Pij-m| E—QT-p  wunuppkpp:
Baypupuiigymp i € {1,...,n} Lundivp lpnnuiuuiup Bier +.. . +fie, = 0:
banlowpup Bit =...= Bin = 0: (Jewnp E— QT = 0 b E = QT:  kpffin
Sunfunnupnudhy ol op T le Q dimnpfjubpp fipp Sulpuguipd
Eu, Ckmnliwpup sbpumbpgind (uyufiupn det + 0) ku b Q = T7L:

Shynp U pugpu Lol T = (@) siflpumbpdud divnphy  E:
Rumpdivupunnlibyp Ty E-mf b wumugdind  wodp woitnlbp  D-mf:
Wyuliupn

ailr ... Ain €l dl

Anl ... Qnn en d,

bﬁb D* + L, iy D—ﬁ uuupplipﬂ q_&nplr(ll lILquwa Eu Ik dlm('D*) <n:

Ruyy

L unlby  Jfp ei-fiu  wpmmlwpumfmd” b D-fi  wwppkpp g Suyfiv

Lndpfinugfuym, nonnf € S D* I £F < D*: \_Llrpgffll Swppbpnddiniufig
vumwgifnod™ B, np dlm(S*) < dlm(D*) < n:Jw Cwlpppuncd dll’n(g*) =n

u[uylﬁu(ll/fu, il Lulfuluymnpb(u plunul E E-fi Flllll/‘lll LffulanLg: Uluu[ﬁunl_[,
dlm(D*) =n I D-u L—L[zwzlﬁu E:
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p) Ll_[b[lll_lub[ll[lu& Lrlumpﬁgnll FulLLlrLLllllullnl[l[lll& F‘”‘L/’”ﬂ
(llnpﬁg Fllltlflll [,—:

Wogop £ me DU pugfuivkp Eu, €<TD b X-f pusgfumgfiv
Uhplpuyugoodin £ & pogpuna X = AS: Cuinbup  X-fi  pusgfungfi
Uhplyugugnudy D-nul x = A& =A(TD) = (AT)D: Pusisfy npp pussgforssayfis
whkplpypugnodp dpwpdlp L wopu X-p Goopa fivweivkpp D-nod” g
AT-Eu:

l[ﬂﬂ["]_/'l(lllllmllyfl(ll L[l?l[lﬂﬂp[l (llﬂ[1 Flllllflll"Ll[. lll"lll(lllllLﬂL

[Lulrlup Lu(llfluuoH:&m IS [ffu lelﬁunur l[nn[n]_ffluumuylfu
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bugwybu  wpgbu Gk EFup,  gduyliv wnupudnddyuin
Evfdunmupudnddgnivinkpp  undivpudpin - pineivfiph - Connncdp wnphy
qduyfin  Eufdunmuppmdaddmvin b Y wdEuedkS (o
Ukpippufwdnfdyuin)  Eufdunnwpmdnddynin b onp o apepncsadpfoo” F
wipfiwd nuitfiph gncpupuing o Eufdunnupudnddpuin JE:

Gufdunmupudnfdyniivkpf  dpunfnpoudf wwlpogs,  pugh pogon fil)
abwpbphy, (Epp dbl Eufdunmopudmdgndiu pulpnd L dincf dE9) sfs
Cuitig froivnad” g duyfiy  mwpmdnddon: Nwpy E o oop wolEsasfiopp
Eufdusmpn S [y, it gt plyponcel” 3 bl
Eufdunmupudncfdyndvivkpl  dfwnfopnudp, g dfunfopedivn g Suyfin
[Frunuindu

‘}\/IHHI:B L, L L, q_&uyﬁ(ll b‘ll[gwmwpw&nL@nL(lfubp Eu L q_&uyﬁ(ll
uuu[uu&nL[(?/Lu(u 1/172 Umnl_q_b(llp uyd‘d; np LiUL> pLuLlL/;n_@Lu(ll q_&uy/ﬁl
lglllllllfll/gﬂ [Lutliflllfllnurl,— [[nnlyluL LF&U.(III‘I‘II b(ll/gllllﬂluplu&nqulllfll CEin

Li+L,=SXa+b | aeL,be L)},
npy lInLL[nLJ FLi L L» q_aruy/fll b(ll[awmwpw&nl_@nﬁfubpﬁ q_nLLrLu[L’
bﬁb a) + bl L ar + bz ullumlllu(llnurlr(ll L+ L2—/1(ll, Ty

Alar + by) + ulaz + by) =(ay + paz) + (Aby + ubz)e Ly + Ly

el €L,
L L+ L2_E q_&uylfu li(ll/gwuuu[uu&nl_@nl_(u E:
éwd;ull_[lr(lyg, nn (Ll U Lz)* =L+ Ly: ﬂfulﬁw

Li+L, C (L1 ULQ)*, _Blu(llﬁ ny a+b e L+ L»> [Lu(lupﬁuw(llnur E
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Choaalyuasy smbappd
aixy +...+axg + 1yvi +. .. +BmYm,
mpunkyx; € Ly hyj € Ly, i=1,... .k, j=1,...,m: Qfuluyn £ np
aixy +...+axp € Ly I Bryr +...+Bmym € Lo,
e I
aixy +...+axg+ iy +...+Bmym =a+b e L1+ L,
I (L1 ULy)* < Ly + Lo:

bl ™3,
L LI_A'LL(IIfI(lI LnLu[uu(}nL/ajw(u L N L>
lr(llﬁwmwpw&nl_@nflfubpﬁ [LquLup Ly F

dim(L1 + Lz) + dim(L1 N Lz) = dim(Ll) + dim(Lz)

Ulqwgnyy. ‘}-ﬁgngg Clyeens en-E L1 N Lz—/1 Flutl/lu(ll E: 4wd’waquu
(Sbnplbad” 2-p uyn pugfop lppog Eup fugqujuly dfiughe Li-p pusgfuop
€ly...,€5,A1,...,4k I [Lutrluu[wuuuu/'uw(luupwp L2—/1 [zuulﬁuE\

€1,...,€5, bl, ... ,bm: b[glr L/lnl [lugﬂlll[fl l[lllﬂ_nLH[TL L+ L2—/1 LI[1 pwzlﬁu,
npy u[wpnl_(luul[nur EFn+ k+m I, g Iglrnplnfil Luupugnl.gl[w&

I[Lﬁ(ll/ﬂ Ull[lllgnLng(ll‘Q, ny
€ly...,€n,dl,y..., A1, b1,....,0;m

[LquLul[lupq_E L+ L2—/1 Flllll/‘lll(ll E: Ullzlpﬁg g Eup,  np Lyu
Lundinlpuupg Lp(}uy/fll lglu:llu(lllgﬂ Zludiflllfllnurb L+ Lz—fl Chun: Ulfll[uym

£ np

€1l,...,en,Aa1,...,a1,b1,...,bm
Swndivlpupy fr - [Juwquivfdu fulpud £ Ly +Lo-fi dE9: “hfigmp X +Yy
eLi+Ly, xeli I yeLly : Nuwpg b np X-p loplyp wmvitng
€l,..sln, Ay, Ak Lunlivlpupyfi qduyfin ndpfinwgfuynd,  fuly y-p
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€1,...,€p, bl, ceey bm—ﬁ ch}uyﬁ(ll l[nlliszluugﬁuynL[: U/u ITFIIHL lPé’ll(lll’fll
l[nllﬁ/fluuglnu(ubpﬁ q_nLLIZupE lnllILl1u b X + y uuuppﬁ (lllT[Tl[u,(IIUJHHLLIZI
€1,...,€n,al,...,Clk,bl,...,bm [LquLul[Lupq_ﬁ q_&u‘l//fll l[nlliz/fluugﬁuynl_[,

rLuenfy
(L1 +Ly)* =A{e1,...,en,ai,...,ap,b1,...,byu}*:
Uty wpugnigly, np
€ly.esCnyly...,Aksb1,....b;m
Cwndivlppag g dopkin wivlpufu b “Shgnp
Areg +...+Ae, +aray +...+arax + B1by +...+Bmbm = 0:
Jfpffin wpmwluymnddynitiv wpmwg pbup enlyuy iy
aija) +...tarayp = —/1161 —.. .—lnen — ﬁ1b1 —...—ﬂmbm:
Yo wpluymnddyuiv: &wpu divep wpunnlppivoad” B Ly-fin, - fuly wp
Lo-fiu, nunnfi Eplpne divubpnod” Ly qpufind E LiNLz-fh dfiliung viwppp:

wt; Lnluppfl %bpl,tlymgnu/il €ly...,€p plutlﬁunur L,}lllll[(ll E ll(lill LI]‘lll_ll[‘ll E
1l 61,...,€n,b1,...,bm pwllflunul? ﬂuyg €l1,...,€p pluzlflunur
(llbpl[uylugnu/b 1l [Lu(lu]_ﬁuw(unur E eq,...,e,, bl, cees bm FLULlﬁunLLr

wkpluywgned; nesnf
—Aer —...—Anen — B1b1 —...—Bmbm

g Suyfits mlpfinwgpuynol popnp i qnpSwlpfujulipp qpogudpein B b
aiay +...+aray = —A1eq —...—Anen:

Wyunbgpy Sknlenod P

aia +...t+orag +)~1€1 +...+in€n =0
IL_Qufllﬁ ny 61,...,€n,al,...,ak—ﬂ [zwzlﬁu L—Ll—ﬁ fwflup, wiyur O = 0L
lj = 0: wuu[ﬁunl.[ Luu[LanLglrgﬁl!B, np

€1, r€n,al,...,a1,b1,. .. .by-p
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L+ Lz—/1 Fllllll'lll‘ll El ﬁbﬂpblﬁl LuulwgnLgL[lig.‘

(rbnpbal D -py Ckanlindd E, npp bpp dim(Ly N L) = 0 (v Sundivpdtp
E LiNLy = {0} wpypdisivfi) Ly + Lo-p pugfup wnwgifond” £ Li-f
pusgfufi Ly pugfufs g pdiodp I
dim(L; + L) = dim(L;) + dim(L»):
W pbwpnad” wnod” B, np Ly + Ly gocdivgs nogfig E e ogunfoud Eu
Ly + Ly wpuitnulyncddfry:

Lhunnkup, np oeghy  gooliopl qbwpood]  qoclioph uepph
whplpypugnodp Ly b Ly Bufdunnwpundofdyndinkpfs wwpplph qocdiopf
nbuprf dpuulfy b puljaigb,

ai+bir =a)+by = ai —ar = by — by
e Sunfusaydiit Eplpne dinokyin by apanoljuinod” By Ly O Lo-fiu, nosf
ippuip qpryulpeit Bu:
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ﬂ)llll[l[lﬂﬂ—u’lllﬂlll&ﬂL@nL(ll

‘]‘f'H"L-E M—E L l}é’ll(llffll lnlll[llllé’ﬂqullll‘ll b(ll[allllnlllﬂlll&nqulﬂL(lfll L_f

“mﬂlrm‘llnur xX+M = {x+m | m € M} FLuLlL/;u/(:)'InL(llE l[nLL[nLJ IS
Swpnalyfig qpwin pun M Eufduwpugdin [dyui:
-.Rlu(llfl npO e M, winjin X € x+M:

éw[uu[[ﬁg rpnkpf Sfufinulyuin [luml[nqulnL(lflllT[fll E.
1. x+M=y+M =x—-yeM
2. x+MNGY+M) B =>x+M=y+M

Uepgmgbp wowdfin Cunlpmdmivp: Gld x+M =y + M, wiqm
xey+M, x=y+m L x—-y=meM: (Puwvp np M-p gqduyfin
Eufdunmupudncfdynin by vy x —y e M << y—-x e M, L x—ye M L
V=X € M wpuplisitiubpp lund” pusfupopdnd - dpwdanfidtmly ™ b
dpdunliviiuly 3Eu punfipupfind:)  Gldk uydd” X —y € M, g
x—y=meM L x=y+i: Jbpubup hudiypudpitn mwpp X+ M
quwufy x+m=y+m+m) €y+M: Nemnfpr x+M S y+M: yneu
g y=x-m L y+m=x+(m+m)ex+M: (lnnft
y+M S x+M L wnwfin Lunnlppddiniup wopognogfind E
U wovwnfnpunybn mnvivnol Eup, npx + M = M < x € M:

Uwmngbup bplypnpn Connlpnfdyniup: Shgnp 2 € (x+ M) N (y + M):
Ncubup, np Z2=x+my L z=y+my: (\eypbdiv x+my =y+my Lk
x—y =mz—m1 € M: Qunlivdujir winwu9fits Cunnlpn|dyuitp

x+M=y+M:

wllll[flllﬂll lllﬂlll(llnLlrlT(ll‘E, nn L q_&llyfl(ll MLU[TLU&"L@HL(UE ll'l['lrl:l.[lll& L_
[lll[Tllll[[lH l}llllll?[l/l Llllln M b(lllglumulplll&ﬂLIqllll(ll: BHLFHI‘BUI‘lIZ[ﬂLF wiapn
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spulppitnul” B Sopulifry quuf (x € X+ M) b umupplbp spuwukpp 3B
Cummfresl; mumnp Lep sCunmfoy Sy qumbpls dfwfnpod E
Lhunnbup mul, np grppuiigmp Capuulfy qan Qopkgh £ 01— 1
Cunlimypuunmufunivndduiv JE9  quly M- Ckin: bulpyba m € L
Cunlinygunmufuuivkgubyp X +m  wnuppfin X+ M qguufg: Paivp np
X+my =x+my wuydiivfy pluna” Eomy = m2, wope g 1-1
Cundlivypuunmufuuitingdyni E:

Lowimulbnp  LIM-mf  pinn M-p pogpnp Gwpualify spaskph
i [dyrcup: Jwldivinknp X + M by + M Caspuulypy qusmbpf gy
npyby (X +y) + M: Yo wwldiviuncdfy poklpn  E: Dulpagla,  EfJE
X+M=x1+MLy+M =y +M, wup pun unldivitndivi

x+M)+(y+M)=x+y)+M

x1+M)+(y1+M) = (x1 +y1) + M:
nL(lllT(ll‘B, npX— X1 € MlLy_y] S M, nLuu1/1

x+y)—Gr+y1)=G-x1)+@-y1) eM

x+y)+M= (x1+y1)+M:

Uwldiivbiup X + M Cuspuulpfrg spussfs A [difrne] prsgilivnsgunnlpnedfy npuylo
Ax + M: Yo wwldiviuncdp Umjingba hnnklpn B Gfdk x1 € x+ M, wiyu
x—=x1 €M I Ax = Ax1 = AMx —x1) € M: VYynepfin b wnneg by, np LIM-p
wliliitnfnd qoodivpuit b [Ifn pugdiveuenlpiit g opdngnddiniiubpm]
punfwpwpnod” b g duyfin  mwpuSndduit wwldbididup:  Yumlanl
LIM-p huimfuinkup $ulpmnp-unpuoncfdyniu M-puljusndidp:

Optivljuly
1. ‘PunmwphEup Swpldnifdjuin JEY  quitufng  fElpnnpubph
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puqdin|dyncup,  npp g duyfin wnopudidyncn L fElpnnpubpf
qodivglivin I [if] - pospdivegunnlpliit qopdngmdyndinkpf
vlpunndivdp: - Hhpund  a  fblpnnpfin lpmpfiubap B ookt
qu_d;n_@nl_(u[l l[wq_Ll;qu E Ellﬁmmwpw&nl_@nl_(u: b L c
fElpnnpulpp lpguonlppinbu dbliungy Sopulipy qoofin pon: e fis
hyfivkwp JElpnnpubph Eufdunmupudnddyuivg dfji b dfgi
E[@l b~ < sfblpnnpp fivy hmfiubwp afiv: fufiupy, Copoadify
rpwaup, g &‘lu[w& Eb L[lrl[mnan[ I [l?lﬂllzIUIL FLULLLI;IL@"L(U([I F
{b-l— Aa | A€ [R} a—ffu l[ﬂL/‘l(lllTluF prynp L[lrl[mnp(lllrpg, npn(llg
ulpgpnulybap nopy vy fiv Sondivlpopg fi alfigpn £ quiifnol”
plpfiwd vlpupfy Eplenol B, np b+ Aa | A € R} pugidin[djuiu
prpnp fblpnopukpl Suypudibiokpy fulped Eu dpliung noggf
v, npp qrequilln. boamf npnpfud aoggfiv: Quapg Lo
lypsdivguipiv: flilpnnp, opfs slgpuadibaop 05 B fuly Suypealdpbiu
E(lll[lll(} E (l.lll[lu& ﬂLllll/l L[Fll.l LL[Luml[Lu(llnLLrL— {b+ Aa | A€ [R}
punplinduivp:  flunofi - pun e fiv lpmypfinkwp fElpnapukph
Eufdunmupudnddyuivp Lwpulifry  qukpp dpupdbpopbu
npnpined” By afit quoqullin. nogfufubpm] gnoppuiuyne nuggfiv
Swdinyunmuufuuiinod™E B Swpuolifig oo

2. 7-[15"42 m[u[w& En lu(ll[ll(lllnnl[m Lp&uyﬁ‘u [LuL[LuuwanLﬁllTpﬁ
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(
a1ixy +...+aix, =0
< o21X1 +... 02X, = 0
q am1X1 +...+amn.x;/l - O

o yrdnudikpp V.(R) vmmudncfdyuitn ffElpnnpukpn Eu:
’7;7an/1‘11 E winnug by, np EfdE (X1,...,%n) iflpnnpp Sundivlpupg f
ydnud” b (Ax1,...,Ax,) Elpnnpp ‘ungugbu pncdnul”
deiuulrn_ Sundivlpupg fr Eplpne nidnufikpfr qoudivpp unphy
Lnl_(}nur E ljlulfu_[fu Lunlivubn [Lutﬁul[wpq_ﬁ LnL&nLlﬁllTFfl
pugdncdincup lpgdnol”™ Eo Enfdunnupmndndfdyniu Viu(R)-nwdl?
&ﬁ_gub‘ll_g nplik L[lrl[mnp Vn([R)-nLJ" (,Ll], ,,un): (,’lupll E np
o flpp S Sundivlpupg i gncdnodEupf Eujdunnmwpudnd[dyjuin
Cwypuulipy  quuap woppbpp ncuBuein Chinlguy  ibupp
(x1 + Hi,....Xp + /,tn) Io hpufupupby LEnlyuy (E(lllpflu(han
iplwypnodng Lundivulin) Lunlivljupy fin

(
a11X1 +...+0 11X, = ﬂ1
< a21X1 +...+ 0w Xy = ﬁz
q aAm1X1 +...+amn.x;1 - ﬁm
npmlnl ﬂi = i1l +... HAinln, = 1,2,...,m: lllulfll_g(ll,

[Lu[uu[[ﬁg g [LuL/iflllfllnurL— L[l?pgl'l‘ll L'Lulrlulllu[qul LﬂLé’nLlﬁl[Tp/I
puullﬁu@ufll Chan:

3 MNymp Rlxl-p ppulpin gopdwlfujubpn  pognp
Fllllllrlu(llll_l_utfilbpfl q_&uyffll lﬂluplué‘nL@ﬂL(ll(ll b, /1ul[ M—E X2 +1
prsglivitig unlfs upunnfilfulafs pusgdin jdyniiin £
M = {(x* + Dh) | h(x) € R[x]}: Pympfi b Cundigpfly, np
M—E q_&uyffll Ell/gluuuu[uu&nl_@nfll l,‘ R [x] —nul? bpl[ﬂL
pusqdivitpund lyfiuky dplcung Sopulify quawfy poo M-fo dpgju
b by wjy glwypoul]  kpp gpuivy aweppbpoddincup
wpnnlyuivnd” b M-fin, uyofingu f(x) — g(x) = (&% + DA(X): Yo
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Wyuwitnulpnul”™ £ np f(X) I g(X) progdintigandilpp x2+1
pugdivigundp . puduinbyfu lpumeiseiup dpliung
dinugnpyp, npu ndufi A+ DX inbupp: [lunnfy, gmpapuitgog
Swspuulphy s o M-fr dfnupdbpnpb npnpdnd” b wj dfialdy
a + DX unbupf pusgdivivupundivf, o fulpnd b uyy Saopudyfig o
J9:

f(}-lrn[ilnr 4
L Lp&uyﬁ(ll uuu[nu&nL/(?/Lu(ll M lr(lllgwmwpw&nL/él]w(u
[Lulrlup Lnlnlﬁ nL(u[1

dim(L/M) = dim(L) — dim(M)

Uwyuignyy. ©rgop e1s....en-p M Evfumumudnduin. pugpuin L
Qundindwju [Feaplal” 2-fr uyn pusgfup lpupnyg Eup pugpujuly dfiugh L-f
pumgfup e1,....endi,....di: Gldb hwnmgbup k awppaiing  pegf
LIM-p Cundivp, [Fbapbddis wngugnugd fyfinf: Sfumophbup pogbo
LIM-fr prughup [FElfudoe Chulypuy Sopulify qoumbph Sadivlpagg g

(di+M),...,(dr+M):
Uwnnqbup, np uyu Lonlivlpopyfi qduyfiv [dumuinfdp Cundjivlfunal™ E
LIM-ps Cban: Gfdb x + M-p ljanlivggulyuits o b LIM-frg, e
X = Arer +...+Ane, + 1dy +. . Auidy
puih npel,....endy,...,dyu pugfus £ L-nol? Quokaghy somiunol Eup,
np
x—(uidy +...+updy) = Aey +...+Ae, € M:
U wpusitiasdynid E, ap
x+M = (uidy +...+updy) + M = pi(dy + M) +...+up(di + M):

wd‘f wnng Eup, np (dl + M), cee (dk + M) Swndinlpupg p g dnpku
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witdpufu b gy
wi(dy+M) +...+up(dy + M) = 0+ M:

Sl wpp, widy +. .. Ady € M L hyuitnfbu wjigfufs 21, ..., An, o
widy +...+udy = Areq +...+Aqen:
A fpffin Cunfusmwpndfdyniup ljpipuwg pEup npugba
widy +. .. +updy — Aer —...—Azen, =0
ConnlpmeJdyndtiulpiy

€l,....en,d1,....dx prugfiufi

I Ol]_lﬂl_[bLﬂL[
l[uunu(uLu(lgg\

H1 =...= Uk = ll,,,z ﬂ,n = O,
ll(ljll/‘l(ll‘[._)(ll, H1 =...= U = 0 L Zuurlul[lu[lq_fl q_&n[llfu uflll[lufunl_@nlflfu

Luu_[LanLgL[Lu& b: UU[WHHLHL[W& b(luull_ lglinplnlil:
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n-&un[uu‘uﬁ mlu[nu&nLﬁzInL(lfubpﬁ /lllﬂll;l[hg)flllLlil

‘}\flgngg L—E n—élll’-["l_l_l(lll'l L;&Llyﬁ(ll uuu[uuc}nqu/nL‘ll L— K I;Lu&mfl
(lll[wuurluﬂﬁ: Q‘llmplr(ll‘p 1[11 npll_b FUJ[L/‘IU

€1

€n

I\(ll&u[lru q_funlr(ll‘g, JnL[ougLu(uﬂan utapfi x €L L/]uupd‘lygnplr(ll
(llbpl[llylugl_[nLlr E Ly FLuLl/ulnLer = A¢&: ﬁﬁ&m E vl [Lul/wn_tullﬂ\
pLULLﬁuuy[fll Lnlll[1[1[7[1/1 l[wdilywl[w‘ll L;&uyﬁ(ll l[nllizﬁ(luugﬁufll unuLﬁu E L/ft

L L-nulf? U/uu[ﬁunll, vorwilinod” Fup l["nﬁu/}uup(f[gg
[wlrwlqlumwufuw(llbgnLlrL—ﬁ I

Va(K) = {22 2) | A€ Ki= 1oony oy
9l
xeL— A eV, (K)

Yyrmepliv b uwnng by, np E[dkx < ALy < I wpuux+y < A+T L
ax — alA: Wufiipu, L-p e Vo(K)<t mpusghs g 8ugfit imupudnefdynciikpy
fpmupfy  sEu umwpplbpfnod? Ypgpof g duyfiv mwpudaddyndinkpp
s gl

Whonmdidf fugmdip$p E n-suhuif [Fifuyfiv fElpmnpuluiy
lﬂlll[Tlll&ﬂL@lll(ll[lf
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‘}\flgﬂl:[g Ll—E I Lz—[l q_&uyﬁ(ll mluplu&nl_/c?lnl_(lfllbp Eu L/}llL(llny(ll K
ipupunfi vhunndindp: A Ly — L» lupunuu[luml[lrpnu/b l[ﬂ&l_[nLl_r E

LF&LL!I}I(U owlpunnnp, Efdk
AXx+y) = Ax + Ay
A(X) = AAX

\]‘bpgffu Eplpne vpopdiitivkpp lpoplkyp Eshnfuwpfink JEl Sundinpdfpm).
AQX + uy) = rAAX + UAy:

Oplivwljulp
1. L1 =1L» [Lup/gnL/(?/Lu(ll L[lrl[mnp(lllrpﬁ q_(}uyﬁ(u Lﬂluplué‘ﬂL/qInL(ll(l_l
E ou[b[uumnp[l i Bt offr L[lrl[mnpﬂ FLULlLrwu[wml[nLlrbl ﬁL[nL[
2‘ L1 - L2 fluplgnLﬁz]w(ll L[l?l’lﬂﬂp(llbpfl q_&uy/ﬁl unu[nu&nL@nL(ll(ll
E ou_[b[uumnpﬂ wund B o L[[Tl[mnpg wyrmnnod” l[nnpq_lfluumuy/fu
fludzul[wpq_ﬁ ul[q_p(luul[limﬁ P o Lu(ulunl_(unll:

3. L = Rn[)C] - i q_npc}wl[ﬁg(lllran[ l/l—flg l["n_gp Lunl
Sunfunnup i S uitifr progdiitig undibpfi FLuLlL/;u/(?/nL(llE,

L =R, [X]: A = dLic - Luc}ufllglrufll q_n[lé'nllﬂL@ﬂL(ll(ll E:

4. Li =R,[x], Ly=Rulx]l, owhkmummnpp  [annkapdiiy
qnpdngnufdyndin
5. L1 = Vu(K), Ly = Viu(K), At n X m-sushuivfy dinpfyg E
npf vnpplpp K-fig Eu.

Aoy An) = Oqy.eos AnA € Vi(K)
wipnuwgunnlbpnodp g duyfin owbpunnng E:
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9"&11{//1([1 owbpunnnpf l_lilgﬂLl[E N u[Luml[lipE

Bapupuitiggmg A 2 L1 — Lo g uyfits oumplpumnnpfs Slan ungsfad B
Eplpme  Eujduwnnmpmun$ad/dynictinkp dfi9ncly A wyunnlybpp
Conliumpunmufuuitapup Ly -nol 'l Ly -l

Youyhiu  owmbpunnnpl  dpPmlip  wwlidiifnod” L Chinlyuy - iy
kerd =<{xe L; | Ax = 0}:

SSuyfin ouwbpunmnp wuldiiundy  windhPungby Skl B, np

.AO = O I llilgﬂLllE [71111[743 t;wmwpl[ &L—.‘ U\/’X"Lll[’ Elllgluuuu[uuc}nLﬁ?/nL‘ll E
Li-nul>x,y e kerd = Ax = Ay =0 L

A(Ax + py) = A(x) + A(uy) = AAx + pAy =
A0+ u0 =0 = Ax+ uy € ker A:
Nosnlybipp welilisiufm i b npugh
ImAa={yely, | Ixe L, Ax =y}
b wiy Lufig fusitnd” b Eufdunmugpododynds Ly-nul? Doljugb, Bk
V1,¥2 € ImA, wugs Ax1,x2 Ax1 = y1, AX2 = Y2, nunnfi
A(AX1 + ux2) = AAX] + HAx2 = Ay + Uy2
I Ay1 + py> € Im A:
Wunehan, bpp Cunpubing lg vivkp, [Gunfiupkup, np Ly = Tm A:
Yympliu b mnneg by, np
Ax) = Axp <= Alx;—x2) =0 <

X1 —x» € kerd < x; +kerd =x» +ker4a

(uﬂu/fll_g(ll, X1-p o X2-p LI]1lL(llny(ll Swipnulpfig  uufig Eu [iun L/hgnl_l[ﬁ):
Neplafin, A q_&uyﬁu owbpunnnpp  Jhliung Swpuilifig  paouf (Eum
L/]12nLl[/1) viappbpp nwiino™ B wunnlbpfrungy vuoppl JBY, fiulp imopplbp
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Swpilify  quoukpf vmuppbpp wingunal” Eu vnoppbp vnopplpf JEY:
UI"”IIL'“"'[’ wnuitmod” Eup shnfudluupdp llulﬁuu{luunuu/'uw(u"urLl/kﬂrA

.$Lul[mn[1—mw[nuc}nL[(?]w(ll I ImA llilglL, n[1(ll lnlnll;rp-$fullrb (q_w pfunurb
ou[lrlnumnpﬁ q_&uy(unl_@nl_(uﬁg): hang, (lllw(luul[li(lug B—ru[ [lnnll(_]wL
lllplﬂlllll[llllﬂl[ITFﬂLllil Ll/ker A—/15 Im .A—fl L[[uu

B(x + ker A) = Ax

wu B Oll{l?plumnpﬂ Ll_[l_upll_ b, l1[1 '-l"ﬂ/llllillupd‘l?gﬂpb(ll Lupuuuu[wmlllrpnur
FLi/ker A<u ImA-/, L[[nu: Ujh l]_é'll!lfl(ll ouwbpunnnp E
B\(x + ker A) + w(y + ker A)) = B((x + ker A) + (uy + ker A)) =

B((Ox + py) + ker A)) = AAX + (y) = 2rAx + Ay =
ABx + ker A) + uB(y + ker A):
Newnft Li/ker Ay pgmidip$ EIm Au:
(FEnpkd’S.
‘brgnp A:L — Ly gduyfiv owbkpunnnp k Li/kerA
Puslpnnp-wnpuudne [Gyuiup pagpdip$ EIm A pusnlypfi:

fa\bnplnr 6
A: L — L» q_&uyﬁ(u OLL[lTpLumnpﬁ [LquLu[i Ly F
dim ker A + dim ImA = dim L,

UW‘”H"’;IH' \Rw(llﬁ np Ll/keI'A /nyu[hp-?) bIIIl A—[l(ll, iy

dim ImA =dimL /ker4 = dimL; — dim ker 4
Cunlindufty (Qknpld 4-fr:
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dfjir wij s bgpnud; bpp dfi9ncyp pusglpognd £ Bl avopply - gpegby L
nunfi, dim ker A =0:

VChynp A Ly — Ly qduyfiv owlbipunnnp b (Mnpbup pumgfis Ly -nol
{e1,....en}:  Gppunkup  owbpunnnpp  pugfuayfin awppkpfin
{ei,....Aenp: Wjuluymn b np s Sundivlpup fr g Suyfiv
[Frnguindp Cuniiulfunad” b wpunnlpbyf Sk Dulpunybu, Ll y € Im A,
wpn X € Ly np Ax =y: X-f pugpouyliv ubkplppugoolfy
x = Aier +...+Awen  Lkpnndfdyundp  lpnnuiuniup Y- ubplpgugnadp
y = Arder +...+Apden: Nwpy E ke, np gqduyfin owbpunnnpp
dlnupdtpnpbn nprpfnud”™ b {Aey, ..., Aen} Cunlivlpupgmf: ppnp, Edk
{e1,....enp-p pugfu £ I Luyuinf Eu Aei,...,Ae,-p, wp VX € Ly
Cunlivpg AX-fi  wipdlpp wlhup b i AiAer +...+4AgAen, npubeyg
Moooisn-p X-p pusgpuayfiv npg foandubg - Eu: Lhuankup,  np
A€1s..., Aen-fi wpdlspubpp fyupfy witsufu Eu b Qupeg B gl
Gnligulyusits wpdtguby Lo -fig:
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‘bhgnp A: Ly — Ly gduyfin  owbpunnnp £ L dimL; = n,
dimLy = m: Upqbiu qpunbiup, np Li-p figmdipd £V (K)-fiu, fuly Lo-p
Vi (K)-fi:  Gfdlk:  Li-nul™ $fipumfmd L &1 pugfup,  fuly  Lo-nul
Conlivunnufunitnnpup €2-p, wgm Ly b Ly npuadm [Gciubpl 1
Va(K)  m Vu(K)  fblpnnpudpin awpudnddyndiukph - dp9h
Condliompunmufunispup gl By ol
wppmugunnlpbpnodikp,  opiup ppodpiisguoad” Eue dflpp upfud
fgrdinppfrgfiskpp:

A L — L,
&7 & 1

Orpdbup  uydd” lppnmgly  dl wjingpop g duyliv owlpusnnp
?7:Vu(K) = Va(K), npp fpwpdup Godivnunf]  fbpp upfiod
ipfevgpundp,  wyufiup, Efdk X € L1 mwppfy  olubup b jupdifbup
fgpundfs wpupubpm|, wop witdpfu fuopaed Suiguplhy dipm
lunitbiup AX-fiu:

“hgnp X-p ubplpyugnup €1 prghond” Canlgwiy £ x = Mgy
Quppfbup Ax = A(AE1) = AAE1: Ypumuluyinbup AE1-p &2 pugfiuncd?
Ukt dp i=1,...,n Cunlivp ubpluyufubyp € pumgpuool” Ae;-n
Ae; = (ait, ..., Qim)E2: Quugdbup A disunpfgp Chnlyuy hifpug
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/ a11 ... Qim \

ainl ... Oim

\_ @nl - A )
q]wpzll,—, np A8l = A& Ik Ax = A(Agl) = AAE| = A(Agz) = (AA)52:

wd‘Lru[Lu[Lu‘llgL[nll witiluyun ?: Vu(K) — Vu(K) owbpunnnpp lpupkf
E IILUILHLHITLA Lrlumpﬁgﬁ Llilgﬂgﬂl{

A Ly — L
£1 7 & 1

bul[wu[lru, AX—E ULHLLI(ULULHL [wdiup L[lipg‘llli‘lgg X—/1 (lllrpl[ungnulb &1
lzwzlﬁunur A51, Chinn l[ﬁpwn_lfup A—ffll A l]il.lmpﬁgﬂl.[ HFH&L[HIZ
ou[lr[uumnpﬂ I l[uuuu‘luu(ll_g AA L[lrl[mnpﬂ, np Er [zwllﬁunur .A)C—[l
l[nn["]_/fluumuyﬁ(ll L[l?l[mnp(ll E (AA)(C/'Q = AX.’ wuulﬁunll mlru(llnurlr(ll‘g, nypn
q_[nuq_[uudb l[ﬂl];1Lll1ll.lll1/1l[ E:

A Lrwmpﬁgﬂ l[ﬂ&l[ﬂLLrL_.A Lp&uyﬁ(h ou[lr[uumnpﬁ (llbpllllngnLlr &1 I
&2 pumgfninkpnud’ e owpbpunnnpp Ukplpuyuigind £ A disnpfigm|, Bk
A& = A&y

‘}‘d‘l.[lup LL—(lll[wmbL, np A Lrlumpﬁgﬁ mlru_gﬂ llluﬁulluér L—E(llm[u[wc} &1 I
&2 pugfnivhphy: Nopybup, [T Fusugh lbnfufls diopbyp, 43
E‘lunpl?‘ll‘g iy [lelll/llflll?[l.’ ‘]‘l‘lgnL‘B T -1 I Tz—E Lnp Fllllll‘lll‘llbpl'l‘ll lll‘llgl_rlu(ll
Lrwmpﬁg(llbp(u Eiw €1 =T1D1 I & = ThrDy: Umufunurli(u‘g\

AD = AT €1) = T{'(4g)) =

TII (A&) = TII (AT>D)y) = (TIIATz)Dz,
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mpkidis A owlpunnnpf ubplpypugnudfs D1 b Dy pugfuiudgod” T AT
dimnpfuju b (uyy dimnphgp Gosfood” B A dimnppgfiv Udidte disnphy):
Wjr qlayprud; kpp Ly = Lo lpupng Eup fbpajuly € = & b lpmnuituiup
Ty =Tz = T: op pogpumd A dimoppyp lplbpaoddp T AT diunppgh,
app Yoo b A diwnpfgfiv Sundingned:

L/Zumpﬁg(ll I'IL<ll[l "ll[luplllllq_ﬂy(ll" lﬂlTl!B[l:
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“mﬂlrm‘hnul: A:L — L» ch}uyﬁll ouwbpunnnpf n_Lu(llq_ E l[nézlnur

rankA = dim ImA:

‘]\ﬁgngg A: L — Lo LFA’ll(lll’fll ou[lr[uuman ‘lll?plluylugL[Luc} F A
L/ZumpﬁgnL[, uﬂu[fll_g(ll l[nll;n_mwm/u[ £ [l?lnll(_IUJL q_/uuq_[nullb,

A Ly — L»
&1 1 & 7

\Rl_l_l(llfl ny L2—E I Vm(K)—(ll /1Llnlﬁ1[1$ Ew, iy Im A-w ﬁzlnlﬁ1[1$ E
ImA-fiu I
rankA = dim Im A =dim ImA:

éb&m E lﬂlTll(lllTL, ny ImA-u g A Lrlumpﬁgﬁ mnllbpﬁ (npn‘ll.g tHlunLupl[L[nur
Eu  npuybu Vm(K)—ﬁ unpplp)  Cundivlpupg fi qduyfin  [dunguinfdu  E:
I'\ul[wu[bu, ImA = {AA | A € Vn(K)} I, ElJE A= (/11,...,/1n), AA-u
[wt[wuwp F A Lrlumpﬁgﬁ mnllbpﬁ 4&11(1//1‘11 [[nllizﬁluug[nlyﬁll, npfi
q_np&wl[ﬁg(ulip(u Eu ll, e ,ln: Ul[(u[uym E ny dim ImA-u ZLUL[Luuwp FA
Lruunpﬁgﬁ mnllbpﬁ Lp&uyﬁ‘ll Igllllllu(l_l/g/l &ll.l’-["l‘l(ll, np(ll /1[1 [lrplglfll ZLUL[Luuwp
E L/Zumpﬁgﬁ mnllbpﬁ g dnpky  witiljufu lurLu_M_[lTLl_uq_"H(ll Lwndivljpuupg fr
[Llnpnl_/c?lufllﬂ\ Lruunpﬁgﬁ il [iti: élnnll_wplup,

rankA =dim ImA = rankA
I q_&uy[ﬁl owbpunnnpf ILlll(llq_Ll ZLut/iflllfllnur E ‘upuin (llbpl[uylug(llﬂll
Lrlumpﬁgﬁ it fr {kin:
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Yoy wpefwd Eu bEplpne g duyfiv owbpunnngiubp A 2 Ly — Ly L
B:Ly— Ly (uhunnkup, op  pogop upfwd  pudo @ik
wlldivitnfind Eu dpliungy qupmft ulpsndiodp): Spmoplbup ddfs uop
wpmunyunnlbpnod; np wmwgfoad” B A-p b B-f QuiPnpip it
Yhpuondivdp:  puimohbup  wyy owbpunnnpp  AB-mf,  uyufiupn
AB : Ly — L3 L (AB)x = B(AX): LQunliupfbup, np AB“u ‘tnifuuybu
g Suyfi oumpbpunnnp L.

(AB) (Ax + py) = B(A(Ax + puy)) =

\f—J
puilift np At 1;&11”/1(11 E

B(AAX + uAy) = AB(AX) + uB(Ay) = A(AB)x + u(AB)y:
_Eufuﬁ n B-u 4(}1.1(1][1(1.1 £
l{Lun_nLgL[Lu& AB q_&uﬂ[fu ou[lr[uumnpﬂ l[n&L[nur E A-f Ik B-f

Lupuuuq_[wa:

‘}\ﬁgngg Li-nud; Ly-nud e L3-nur£flun[u[lrL Eu FLLIEL/ILI(D[T[T I l[LuanLgL[lrL
Fu A-p L B-h (llbpl[ungnLlﬁllT[IE A I B L/Zumpﬁg(ubpnll
[Lulﬁuu[wunuu/'uw(luu[zwp: anlTLﬁl l[nlﬁn_uuum/u[ E [lrmll(_]wL q_fuuq_[nullil,

A B
Ly — L, — L
! ! !
Va(K) — Vu(K) — Vi(K)
A B

r]‘\(fl[ulp &E (lllllumlrL, np AB oull?[uumnpﬂ (lllrpllungl_[nur F AB
Lrwmpﬁgn%
E[dE x € L1 L Ly l[npq_/fluumuy/fll L[lrl[mn[ﬁl F A e Vn(K), iy
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A(AB) = (AA)B—‘U (AB)X—ﬁ l[nn[n;ffluumuyffh L[[r[[lnnp‘ll E Vk(K)—nul?

Wy thnpdEup qunlunnky rank(AB)-ﬁ UESn[dynicup: éwgnpq_w[zwp
LippinEup A-u ne B-1: Yunwitwiup Canlyuy wqunnlbpp

ol

A\

%

.

O

(&

Ncvkup np, ImA C Ly, ImAB € ImB S L3: hunnkup, np (Osknpkd
6-Iy Slnlinud™ by np g duyfin owbpunnnpf wpunnlibpf susfyp (uyofiupt
nuitigp) sf qlpugquiignol” owbpunnnpfs npnpdiit wfyngld Suitg funugng
vmupudncfdyuitn sunfifii: Nwpy  F np dimImAB < dimImB L
rank(AB) < rankB: lpupfy Eplonud™ E (e g Slpmmdundf mnncg dnod”
B), np B owbpunnnpft wwldivituspudynody INA-fr ifpus ungjuglb g 3uyfin
owmbpunnnp  k, npp IMAY  wwiunad” FOIMAB-fi s, nonnf
dim Im 4B < dim Im A &L rank(AB) < rankA:

Wuypuny] wnwguinp noivg fi fbpfit ginuunnmluiup.

rank(AB) < rankA
rank(AB) < ranks

(6)

Umnpffll Lfluulluuuulllu(u lllﬂlll(llllanL [Lulrlup l[LuthLng(Ll_B [lnnlyluL
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B* : L/ImA — ImB/Im AB
B*(x + ImA) = Bx + ImUAB, prynp x € Ly Lundiup:

éllllmlll.[b(ll‘g, np B*-u q_&uylfll owbpunnnp E r}\ﬁgnl,g (Xl +ImA) I
(x2 +ImA) € Ly/Im A:
()b

B*((x1 +ImA) + (x2 + ImA)) = B*((x1 +x2) +ImA) =
B(x1 +x2) +ImAB = (Bx + Bxz) + ImAB =
(Bx1 +ImAB) + (Bxz + ImAB) = B*(x1 + ImA) + B*(x2 + Im A):
Unejinybu, Ejdl (x +ImA) € Lo/Im A, wuyu
B*(A(x +ImA)) = B*(Ax +ImA) = B(Ax) + Im 4B =
ABx + Im AB =A(Bx + Im AB) = AB*(x + Im A):

Ui Eup uydid; np

ImB* = ImpB/Im AB:

Gl (v + ImAaB) € ImB/ImAB, wuypny € ImB b 3x € Ly np Bx = y:
Usnuiined Eup

B*(x +ImA) = Bx +ImAB =y + Im AB

y+ImuB € ImB*:
Louivfi np B* 1 g duyfiv owylbpunnnp b g
dim(Im 5/Im AB) < dim(L,/Im A)
b Cunlindusftn (knplal 4-fr writnd Eup
dim ImB — dim Im 4B < dim L, — dim Im A4,
uyufiupt

rankB — rank(AB) < dimL; — rankA:
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U uuuglu‘lug [lnnlyluL wnnpfit l]flllll[llllﬂllll[lu‘llﬂ

rankA + rankB — dim Ly < rank(AB) (7)

U‘[nul[nplanL[(G) I (7) q_(luu[wmwl[w(lfu[rpﬂ wnuiinud Eup

(ekbspteal 7 . (W ppsfbevsusnpsfe witsCosnifuasssssspron [Jyrititalepaps)

rank(AB) < rankA
rank(AB) < rankB

rankA + rankB — dim L, < rank(AB)

bG/dE A L B ouwbpunnnpubpp (ulrpl[ungllwc} Eunxmilomxk &Lul-["ufuﬁ
A L B dimnppgubpnf, Swndinguinnmofunipup (l’l‘ll&lllbll ‘wly  Efiup
L[lrpﬂ), wpn | ppfbnnpp wivounfunnmupnddyncinkpp divnppgubpf Sundinp
Lncubunin Lhunlyuy inbupp.

rank(AB) < rankA
rank(AB) < rankB

rankA + rankB — m < rank(AB)

b/gliA Lﬁulﬂpﬁgﬂ LL[IT[TUJU[T[TI{LU& E, wuur = Nl = rankA I

rankA + rankB — m = rankB < rank(AB) < rankB,

\
I'ILI_IIJT/I

rank(AB) = rankB:
bﬁbB Lﬁum{lﬁgﬂ &L[lr[nuulr[u[w& E wiuya Nl = k = rankB I
rankA + rankB — m = rankA < rank(AB) < rankA
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rank(AB) = rankA:

bkl '8 .

Pugiybn wnbuly Lfup, wwppkp pogpdubpool” dpliungy owlbpunnpf
divnphyguyfiv vhplpywgoufikpp - ppap Sk fpuopind Bu Ckulyuy
htuy TV ATy Ruinp np Acu b TU'ATy -0 dplcunfu owbpunnnpfs
Ukplpuyuwgmdidgitn B, wagpn qpoisg noivg bpp Sandfiulfunod” En: O
wnifingbu  Swnnnunfnod” b (knpkad” 8-mif, npmfllanl Ti-p b To-p
witgdiits divnpfufulp Eu b, noplafi, sifbpuukpgod Eo:
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9"&11{//1([1 [uu[wuwpnuﬁlbpﬁ wawl[wpq_lip

‘}\ﬁgngg K q_ullmnur Ln[u[w& F n Lu(llluymnl_[ m CLunn q_&uy/ﬁl

[llll[llllllllanlﬁl[TFl‘l Sundivlpuupy.

-
ai1x) +...+a1xXn

021X1 +...+0 20X,

:ﬁl
:ﬁz

(8)

np (8) Cundivlpupyp fpplyfy

E (lllrpl[uylug(lllrL L/Zumpﬁguy[fu LlnlL[nL[: bﬁﬂr (ll&w(luul[lr(lug X = ()C] g ,Xn),

B=(B1,...Bm) b

[ ain a2i

012 022

\ Qln 02

Ly [LquLul[Lu[u;E lllp[u[[l [[nn[wa l[lrpu[\
XA = p

A ml \

am2

O n )

(9)

busigbu gqpunkup, XA-u fppkupy kplpgugunal A Buaoppygf gl

q_&uyﬁ(ll l[nllﬁ/fluuglnu, n[1/1 q_np&wl[ﬁgﬁlbpﬂ X1y..., Xp-E1: ﬂLplTLfil, (9)
Sundivlpupgt niufi LnLé‘ﬂLlrlI]'lll(ll‘ll I Lllnly‘ll uy‘u npkwypnul; Epp ﬂ e ImA,

IT[E}'ITA LIZuanﬁHE l]_flmwpl[li(llﬂ n[1u_[liu 4&uﬂ[fu ou[b[uumnp, nn 4np&nul‘b
Vn (K)—[1 L[[uu I wpd‘lr_g‘lllrp L—Lfllq_nl_‘unurvm (K)—nu/? ﬂpLL[lTULlﬁ uanq_lr(lug
ﬂ € ImA u[uyLrufllE, l[lun_nl_glfll_g uyuu{lru l[n&L[wc} E(ln]_Luy(lu[w&
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[0611 azr ... Omi \

a2 a2 ... Om2

2y
Il

O1n O2n ... Omn

\ B B2 ... Bu

Wincugens b s fbp9fis s yfiupy g Snpkis widyuspa digurdpy dpugis,
Epp rankA < rankA: udpunaly qlwpood; bpp rankA = rankA, o/ Ep i

(Lrnplal™Q. (Gprinkdilp-Yunylyfr)
ﬂpu[l?uLlﬁ XA = B LQunlivlpupgn ncubuw LﬂLé‘ﬂLLr (Lﬁ(llfl
[LquLumlnl), Lu(u[[nuoLlT&m E I puu[w[uup, 1 rankA = rankA :

bhpuws B € IMA Lundivg (Q) Cunlivlpupg fr predadiskpp [ugdind” En
Swpulyfry s Vi (K)-nmal” pun ket A-f, nennfy () Sundivlpupg niufs
dhuwdy prcdood” dhwy b dpuwgjy wj qlagpood; bpp Swpuify ok
lusgelifend Bt dbly umppfy, uyufiupy bpp dim kerA = 0, fiugp Sunlivpdtp
FkerA = {0} wpuyplisiufin:

XA =0 Lunlilppgp  hngdnod™ b XA = Bofin Cundivgunnufuaiung
Cundivubn. Sundivlpupy: Yfuuwym E np XA = 0 Lunlivubn. Cundivlpupg fr
yrSoidiskpp KerA-fp wnoppbpitn En: (\epbafis, apugbogf smisuiyp (9)
Sundivlpopg f - popnp grdnulisbpp punfudppi b quivky Condiveba
Sundivlpupy fi preSoddiskipp (uyufiups quinky JpPncdfi KerA-fi nplel puigf,
puifi np dimkerA = n—rankA punfudppin b guinky Cunlivubn
Lunlivlpupg fir n — rankA Cunn witdpufu pocdncd) b gk (9) Sundivlpupg f
nplk JEly dimiisfop o dnud? Qunlivlppg fr pognp jmSnudiskpfy Supusify
quoup ogitogne Sundivg punfudjeit Iyfing disdianfop pmdidiup
qacdiuply Chpldny Conlivubn. Sondivlpupgfi propnp podnolikpp (df 9o
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pusgfusfs prpnp g Suyfin odpfiuay fuinkbpp):
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l[E(llq_nL(llﬁ [l?lﬂllzllllL mlru_[gﬂ'

(
a11X1 + A12X2 +...FA1p Xy = ,31
< 022X2 +...+0 Xy = ﬂz
9 oA X2 +... Y ynXn = ﬁm

G/t nplit Qunfrunnupdivit &wfu divep gpapugly B fulp widp ng, g
Sundivdpupg uivlundivnnbay bl wpgophlddp fbpunguncd™t wpfunnnuinpp:
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owbpunnngukp, npnkay apopdiiu e wpdbpubph wppoyfdubpp g
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2. L'E [wp/gnl_@ufll L[lrl[mnp(lllrp(ll Eu. ou[[r[numnpﬂ
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